In the present paper, we construct the analytical solutions of some nonlinear equations involving Jumarie's modified RiemannLiouville derivative in mathematical physics; namely the space-time fractional Calogero-Degasperis (CD) equation and the space-time fractional potential Kadomtsev-Petviashvili (PKP) equation by using a simple method which is called the fractional sub-equation method. As a result, three types of exact analytical solutions are obtained. This method is more powerful and will be used in further works to establish more entirely new solutions for other kind of nonlinear fractional PDEs arising in mathematical physics.
Introduction
This paper is devoted to the study of nonlinear equation which is called the Calogero-Degasperis (CD) equation and potential Kadomtsev-Petviashvili (pKP) equation which are of the form u xt − 4u x u xx − 2u y u xx + u xxxy = 0.
( arises in number of scientific models including fluid mechanics, astrophysics, solid state physics, plasma physics, chemical kinematics, chemical chemistry, optical fiber and geochemistry, see Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] and the references therein. The fractional order forms of the CalogeroDegasperis (CD) equation and Potential KadomtsevPetviashvili (pKP) are similarly useful. The most important advantage of using fractional order differential equation in mathematical modeling is their non-local property. It is a well-known fact that the integer order differential operator is a local operator whereas the fractional order differential operator is non-local in the sense that the next state of the system depends not only upon its current state but also upon all of its proceeding states. In the last decade, many authors have made notable contribution to both theory and application of fractional differential equations in areas as diverse as finance, physics, control theory and hydrology .
Recently, Zhang et al. [16] introduced a new method called fractional sub-equation method to look for traveling wave solutions of nonlinear FDEs. The method is based on the homogeneous balance principle and Jumarie's modified Riemann-Liouville derivative [10, 11] . By using fractional sub-equation method, Zhang et al. successfully obtained traveling wave solutions of nonlinear time fractional biological population model and (4 + 1)-dimensional space-time fractional Fokas equation. More recently, Guo et al. [20] improved Zhang et al.'s work [28] and obtained exact solutions of some nonlinear FDEs. Similar applications of the method can be found in [16] [17] [18] [19] [20] [21] .
In this paper, we will apply the fractional sub-equation method for solving fractional PDEs in the sense of modified Riemann-Liouville derivative by Jumarie. To illustrate the validity and advantages of the method, we will apply it to the space-time fractional CalogeroDegasperis (CD) equation and the space-time fractional potential Kadomtsev-Petviashvili (PKP) equation. The rest of this paper is organized as follows. In Section 2, we will describe the Modified Riemann-Liouville derivative and give the main steps of the method here. In Section 3, we give two applications of the proposed method to nonlinear equations. In Section 4, conclusions are given.
Description of modified Riemann-Liouville derivative and the proposed method
The Jumarie's modified Riemann-Liouville derivative of order α is defined by the expression
Some properties for the proposed modified RiemannLiouville derivatives are listed in [11] as follows:
The above equations play an important role in fractional calculus in the following sections. We present the main steps of the fractional sub-equation method as follows.
Step 1: Suppose that a nonlinear FDEs, say in two independent variables x and t, is given by
is an unknown function, P is a polynomial in u and its various partial derivatives, in which the highest order derivatives and nonlinear terms are involved.
Step 2: By using the traveling wave transformation:
where k and c are constant to be determine later, the FDE (2.5) is reduced to the following nonlinear fractional ordinary differential equation (ODE) for u = u(ξ):
Step 3: We suppose that Eq. (2.7) has the following solution:
where a i (i = 0, 1, 2, . . . , n) are constant to be determine later, n is a positive integer determine by balancing the higher order derivatives and nonlinear terms in Eq. (2.5) or Eq. (2.7), and φ = φ(ξ) satisfies the following Riccati equation: 10) where the generalized hyperbolic and trigonometric functions are defined as
where E α (z) denotes the Mittag-Leffler function, given as
Step 4: Substituting Eq. (2.8) along with Eq. (2.9) into Eq. (2.7) and using the properties of Jumarie's modified Riemann-Liouville derivative (2.2)-(2.4), we can get a polynomial in φ(ξ). Setting all the coefficients of φ m (m = 0, 1, 2, . . .) to zero, yield a set of over determined nonlinear algebraic equations for a i (i = 0, 1, 2, . . ., n) , k and c.
Step 5: Assuming that the constants a i (i = 0, 1, 2, . . ., n) , k and c can be obtained by solving the algebraic equation in Step 4, substituting these constants and the solutions of Eq. (2.9) into Eq. (2.8), we can obtain the explicit solutions of Eq. (2.5) immediately.
Remarks: If α → 1, the Riccati equation becomes φ (ξ) = σ + φ 2 (ξ) used. So the method in this example can be used to solve integer-order differential equations. In this sense, we would like to conclude that our method includes the existing tanh-function method as special case.
Application of the method
In this section, we apply the fractional sub-equation method to construct the exact solution for some nonlinear fractional PDEs, namely the space-time fractional Calogero-Degasperis (CD) and the space-time fractional potential Kadomtsev-Petviashvili (pKP) equation which are very important nonlinear fractional PDEs in mathematical physics [22] [23] [24] .
Example 1 -the space-time fractional Calogero-Degasperis (CD) equation
We first consider the space-time fractional CalogeroDegasperis (CD) equation [22] in the form:
By considering the traveling wave transformation (2.6), (3.1) can be reduced to the following nonlinear fractional ODE:
By balancing the highest order derivative terms and nonlinear terms in (3.2), we suppose that Eq. (3.2) has the following formal solution:
where φ(ξ) satisfies Eq. (2.9). Substituting (3.3) along with (2.9) into (3.2) and then setting the coefficient of φ i (i = 1, 3, 5) to zero, we can obtain a set of algebraic equation for k, c, a 0 , a 1 as follows:
Solving the algebraic equations (3.4) by Maple or Mathematica, we have: 
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We, therefore obtain from equation (2.10), (3.3) and (3.5) three type of exact solution of Eq. (3.1), namely, two generalized hyperbolic function solution, two generalized trigonometric function solutions and one rational solution as follows:
(3.10)
As α → 1 these obtained exact solutions give the ones of the standard from equation of the space-time fractional Calogero-Degasperis (CD) Eq. (3.1).
Example 2 -the space-time potential Kadomtsev-Petviashvili (pKP)
Now we consider the space-time fractional Potential Kadomtsev-Petviashvili (pKP) equation [3, 4] in the form:
By considering the traveling wave transformation (2.6), Eq. (3.11) can be reduced to the following nonlinear fractional ODE:
By balancing the highest order derivative terms and nonlinear terms in Eq. (3.12), we suppose that (3.12) has the following formal solution: 13) where φ(ξ) satisfies (2.9). Substituting (3.13) along with (2.9) into (3.12) and then setting the coefficient of φ i (i = 0, 1, 2, 3, 4 . . . check . . .) to zero, we can obtain a set of algebraic equation for k, c, a 0 , a 1 as follows:
(3.14)
Solving the algebraic equations (3.14) by Maple or Mathematica, we have: = 0, ω = const. (3.20)
As α → 1, these obtained exact solutions give the ones of the standard from equation of the space-time fractional Potential Kadomtsev-Petviashvili (PKP) (3.11).
Conclusion
In this paper, we use the Fractional Sub Equation Method to obtain the analytical solution of the space-time fractional Calogero-Degasperis (CD) equation and space-time fractional Potential KadomtsevPetviashvili (pKP), we have seen that three types of exact analytical solutions including the generalized hyperbolic function solutions, generalized trigonometric function solutions and rational solutions are successfully obtained. From the obtained results, we conclude that the Fractional Sub Equation Method is very powerful, effective and convenient for solving nonlinear fraction partial differential equations.
